We construct actions of the affine Yangian of type A on higher level Fock spaces by extending known actions of the Yangian of finite type A due to Uglov. This is a degenerate analog of a result by Takemura-Uglov, which constructed actions of the quantum toroidal algebra on higher level q-deformed Fock spaces.
existence of the two types of actions is explained by Varagnolo-Vasserot [VV] and SaitoTakemura-Uglov [STU] : the q-deformed Fock space admits an action of the quantum toroidal algebra. Their result was extended by Takemura-Uglov [TU2] for higher level q-deformed Fock spaces. Now it is quite natural to expect that a degenerate analog of the above result holds. Since in 90's the definition of affine Yangian was not known, the degenerate version has been missing. Our main result gives an affirmative answer. A strategy of the proof is the same as [TU2] . The affine Yangian has an automorphism corresponding to the rotation of the Dynkin diagram of affine type A. We define a bijective C-linear map corresponding to the Dynkin automorphism on the semi-infinite wedge space and use it to construct the action of the affine Yangian.
The paper is organized as follows. In Section 2, we introduce affine Yangian and recall some results of Guay. In Section 3, we recall the Yangian actions on the Fock spaces constructed by Uglov. Main ingredients are semi-infinite wedge construction of Fock space and Schur-Weyl type duality due to Drinfeld. In Section 4, we prove the main theorem.
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2 Affine Yangian and Schur-Weyl type functors
Affine Yangian
Fix an integer N ≥ 3 throughout the paper.
Definition 2.1. The affine YangianŶ = Y ,β (ŝl N ) with parameters , β ∈ C is the C-algebra generated by X + i,r , X − i,r , H i,r (i ∈ Z/N Z, r ∈ Z ≥0 ) subject to the following relations:
[H i,r , H j,s ] = 0, (2.1) 
for (i, j) = (1, 0) and (0, N − 1);
for (i, j) = (0, 1) and (N − 1, 0);
for i = j, where
The Yangian Y = Y (sl N ) with a parameter ∈ C is the C-algebra generated by X + i,r , X − i,r , H i,r (i = 1, . . . , N − 1, r ∈ Z ≥0 ) subject to the relations (2.1), (2.2), (2.3), (2.4), (2.5), (2.12).
LetŶ (1) be the subalgebra ofŶ generated by X + i,r , X − i,r , H i,r (i = 1, . . . , N −1, r ∈ Z ≥0 ) andŶ (2) be the subalgebra ofŶ generated by X
Then there exist surjective algebra homomorphisms Y →Ŷ (1) and U (ŝl N ) →Ŷ (2) . In [G2] , Guay proved a PBW type theorem for the affine YangianŶ when N ≥ 4. It implies that the two homomorphisms above are isomorphisms if N ≥ 4. We sometimes write X ± i = X ± i,0 , H i = H i,0 and identify them with the standard Chevalley generators ofŝl N .
Let E ij be the matrix unit with (i, j)-th entry 1. We regard them as elements of the Lie algebra gl N . We put 
Suppose that there exists a bijective C-linear endomorphism T of M satisfying:
Then ϕ extends to aŶ-module by
Degenerate double affine Hecke algebra
Fix an integer n ≥ 1.
Definition 2.4. The degenerate double affine Hecke algebraĤ = H t,c (Ŝ n ) with parameters t, c ∈ C is the C-algebra generated by s 1 , . . . , s n−1 , x ±1 1 , . . . , x ±1 n , u 1 , . . . , u n subject to the following relations:
13)
14) 16) where s ij denotes the permutation of i and j. The degenerate affine Hecke algebra H = H c (S n ) with a parameter c ∈ C is the C-algebra generated by s 1 , . . . , s n−1 , u 1 , . . . , u n subject to the relations (2.13) and (2.15).
It is well known that
as a C-vector space, hence the subalgebra ofĤ generated by s 1 , . . . , s n−1 , u 1 , . . . , u n is isomorphic to H, and the subalgebra generated by s 1 , . . . ,
n ] ⋊ CS n . The latter is identified with the group algebra of the extended affine Weyl groupŜ n of GL n .
We put
Schur-Weyl type functors
Let V be the vector representation of gl N with a standard basis
The symmetric group S n acts on V ⊗n via permutation of factors. For an element X ∈ gl N and k = 1, . . . , n, we put
Theorem 2.5 ( [D] ). Let M be a right H-module and set = c. Then the Yangian Y acts on M ⊗ CSn V ⊗n by
It is easy to see that, for a rightŜ n -module M , the Lie algebra sl
Guay proved in [G1] that the actions of Y andŝl N (with trivial center) is glued and extended to an action of the affine YangianŶ provided M is anĤ-module. We recall Guay's argument. Let M be a rightĤ-module. Define a bijective C-linear endomorphism
Lemma 2.6 ([G1, Lemma 6.2]). Set = c and β = t/2 − N c/4 + c/2. Then the bijection T satisfies the condition in Proposition 2.3. 
Higher level Fock spaces 3.1 Semi-infinite wedge construction
We follow [L] to construct higher level Fock spaces via semi-infinite wedge spaces. Fix an integer L ≥ 1. Let
Cw a be the vector representations of gl N and gl L with standard bases. Set
Then {u k (k ∈ Z)} forms a basis of U . The wedge space n U has a basis {u
These form an inductive system. We define
Then F M has a basis consisting of vectors
By the definition, every element of F M is of the form v ∧ |M − n for some n ≥ 0 and v ∈ n U . Let
and λ i ≥ λ i+1 for all i, λ i = 0 for all but finitely many i be the set of partitions. We associate a partition λ ∈ P with k ∈ M by
for every i. This gives a bijection between M and P. We write |λ, M = u k via this correspondence. We decompose F M using a variant of L-quotient for partitions. Take a basis element
2 < · · · to be the indices satisfying
i . Then it is easy to see that there exists
gives a bijection. See [U3, Remark 4.2 (ii)] for a relation to the operations of L-quotient and L-core for partitions. We write |λ, c = |λ, M = u k via this correspondence. Set
for each c. This gives a decomposition
Affine Lie algebra action
This yields a level L action of the affine Lie algebraŝl N on F M . The action preserves each component F (c) and is described in terms of combinatorics of L-partitions. We identify each partition λ ∈ P with its Young diagram
Here l(λ) denotes the length of λ.
An i-cell (x, y) is said to be removable if (x, y) ∈ λ (s) and λ (s) \ {(x, y)} is a partition. It is said to be addable if (x, y) / ∈ λ (s) and λ (s) ∪ {(x, y)} is a partition.
where the sum is over all L-partitions µ obtained from λ by removing i-cell,
where the sum is over all L-partitions µ obtained from λ by adding i-cell, and
We call theŝl N -module F (c) the level L Fock space with multi-charge c.
Yangian action
We construct an action of the Yangian Y on each F (c) following [U2] . We introduce some operators acting on the space C[z ±1 1 , . . . , z ±1 n ] ⊗ W ⊗n . Let K ij be the permutation of z i and z j . Let P ij be the permutation of the i-th and j-th factors of W ⊗n . Put
Proposition 3.2 ([U2, Proposition 2.8]). The assignment
gives a right action of the degenerate double affine Hecke algebraĤ on
Remark 3.3. A formula for the action given in [U2] is slightly different. Note that there exists an anti-automorphism ofĤ defined by
Thus left and right modules ofĤ are interchanged via the anti-automorphism.
The following are easy to prove.
(ii) For w = w b 1 ⊗ · · · ⊗ w bn , we have
We have the following observation (See [L, Proposition 3]):
as a C-vector space. Thus we identify them and apply Guay's result (Theorem 2.7) to conclude that the affine YangianŶ acts on the finite wedge space n U . Our goal is to extend this action to the limit n → ∞. In the remainder of this section, we explain how to extend the action of the Yangian Y to the limit. Let us introduce the degree on n U and
where
i holds for all i and the equality holds for all but finitely many i. Then we define the degree of u k by
The right-hand side is a finite sum. Let
We also define the degree on n U similarly: 
is an isomorphism of C-vector spaces.
is an isomorphism of Y-modules. 
This action preserves each component F (c) since it changes only finitely many factors for each element.
Affine Yangian actions on higher level Fock spaces 4.1 Main Theorem
To construct an action of the affine YangianŶ on F (c), we define a map T ∞ satisfying the condition in Proposition 2.3. Such T ∞ is given by Takemura-Uglov [TU2] in the quantum toroidal case and we follow it. Consider the map T given by (2.17) for ourŶ-module
We can rewrite this as follows:
Then by the definition every element of
Define a bijective C-linear map T ∞ :
In the case L = 1, this is simply written as
Lemma 4.1 (cf. [TU2, Lemma 6.9]). We have
We give a proof of Lemma 4.1 in the next subsection.
Proposition 4.2. We have
Proof. We have
by the definition (4.1) of T ∞ . The action of X ∈ Y on the right-hand side is given by
by its definition due to (3.1). We have
by Lemma 2.6. We use Lemma 4.1 for X = X ± i,r , H i,r (i = 2, . . . , N − 1) to obtain
Hence we have
By a similar argument, we have for
By Proposition 2.3 and 4.2, we conclude that the affine YangianŶ acts on F M . The action preserves each component F (c) since those of Y andŝl N preserve it. We obtain the main result of this paper. 
Proof of Lemma 4.1
n ], w ∈ W ⊗n , and v ∈ V ⊗n , let P ⊗ w ⊗ v denote the image of
We recall the notation; M is a fixed integer and s ∈ {0, 1, . . . , N L − 1} is uniquely determined by M ≡ s mod N L.
Fix integers l ≥ d ≥ 0 and put n = s + lN L. An integer m is uniquely determined by
Before starting a proof, we provide two lemmas.
Lemma 4.4. If v ∈ n U has a factor z m w b v a with a ≤ N − 1 then we have
If v ∈ n U has a factor z m w b v a with a ≤ N − 2 then we have
We see that T (u k ) = u k+1 and k + 1 ≤ −mN L if a ≤ N − 1. This implies the first assertion.
Similarly if a ≤ N − 2 then we have T 2 (u k ) = u k+2 and k + 2 ≤ −mN L. This implies the second assertion.
Next lemma is proved in [TU1, Proof of Proposition 5 (ii)].
Lemma 4.5. Fix k ≥ 1 and let P be an element of
for w ∈ W ⊗n+k and v ∈ V ⊗n+k .
Proof. We may assume m 1 ≤ · · · ≤ m n+k . Then by the assumption on P , we have
Let us start a proof of Lemma 4.1. It is enough to show the equalities for X = X
It remains to prove
for i = 1, . . . , N − 2, and
First we prove (4.2). Recall that
Let ∆ be the coproduct on gl N and put
Then we have
Therefore it is enough to show
Then (4.4) follows from
Since we have
s k,n+j , the equality (4.6) follows from the next lemma.
Lemma 4.7. Suppose i = 1, . . . , N − 2 and k = 1, . . . , n.
(ii) We have
Proof. We prove (i). By the definition, we have
By Lemma 3.4, we have
Provided j > b k , we see that 
Indeed, if the left-hand side is nonzero then it has degree d. However Lemma 4.5 implies that its degree is greater than l, which is contradiction. We prove (ii). We may assume a k = i, since (X
as its k-th factor. By the assumption we have i + 1 ≤ N − 1. Then Lemma 4.4 implies the assertion.
We show (4.5). In
obviously vanish. Any nonzero summand of E i+1,p v L,N has a factor z m w j v i+1 for some j with i + 1 ≤ N − 1. Then Lemma 4.4 implies
Now the proof of (4.2) is complete. Next we prove (4.3). It is enough to show
and
Consider the difference
The term
  to (4.10), we obtain
Lemma 4.8. We have the following:
Proof. We prove (i). We have
A similar argument as in the proof of Lemma 4.7 (i) implies the assertion. We prove (ii). We may assume a k = N − 1. Then (P ⊗ w)s k,n+2j ⊗ (X − N −1 ) k v has z m w j v N as its k-th and (n + 2j − 1)-th factors. Hence it vanishes after taking wedge.
We prove (iii). We calculate d (n+2L) n+2j (P ⊗ w). By Lemma 3.4, we have
L , we see that
Hence we have We prove (iv). If k = n + 2p − 1 for some p, then (P ⊗ w)s n+2j,k ⊗ (X − N −1 ) n+2j v has z m w j v N as its (n + 2j − 1)-th and (n + 2p − 1)-th factors. If k = n + 2p, then it has z m w p v N as its (n + 2j)-th and (n + 2p − 1)-th factors. Hence in both cases it vanishes after taking wedge.
We prove (v). First suppose n < k < n + 2j. Then (P ⊗ w)s k,n+2j ⊗ (X − N −1 ) n+2j v has z m w b k v N as its (n + 2b k − 1)-th and (n + 2j)-th factors. Next suppose k = 1, . . . , n and a k = N . Then it has z m w j v N as its k-th and (n + 2j − 1)-th factors. Hence in both cases it vanishes after taking wedge.
We prove (vi). Since (P ⊗ w)s k,n+2j ⊗ (X − N −1 ) n+2j v has z m w j v a k as its k-th factor, Lemma 4.4 implies the assertion.
We obtain
Thus the equality (4.8) follows from the next lemma. Now the proof of (4.3) is complete.
